This paper deals with a two-degree-of-freedom forced system composed of a main system and an impact damper which has been analyzed by many researchers. Periodic solutions, bifurcations, chaos, and vibration quenching are discussed. A shooting method for impact systems presented by authors is used in numerical calculations. The following results were obtained : (1) Unsynmetric periodic solution with four collisions per period and subharmonic vibrations with many collisions were found. (2) Discontinuities in the stability of the periodic solutions caused by impact were shown using characteristic multipliers. (3) Two routes to chaos were found, namely, the period doubling route and the torus doubling route. (4) Hyper chaos was found for the first time in the impact damper system. (5) The vibration quenching problems for the narrow frequency region near the resonance point and for the wide frequency region were discussed.
Introduction
Impact dampers have been used for quenching the vibrations of a cutting tools, lighting poles and so on, since they possess the outstanding features, such as a simple, oil less, and compact structure (1) (2) (3) . Moreover, since the impact damper can be used in severe environments, use in space is even now being considered (4) .
On the other hand, even if it limits a main system to the single-degree-of-freedom, theoretical research on the impact damper system has not progressed enough. The reason for this is that the impact damper is inevitably accompanied by the impact phenomenon of strong nonlinearity. The main researches on the impact dampers are as follows.
Grubin (5) , Egle (6) , Masri and Caughey (7) obtained solutions which had two collisions per period and the durations between collisions were equal. Bapat and Sankar (8) , Popplewell and Liao (9) showed the optimum vibration quenching condition, assuming that the system had only this type of solution. On the other hand, Masri (10) , Popplewell et al. (11) , Sung and Yu (12) showed the method to obtain a solution which had any amount of collisions per period and the stability analysis of such a solutions. However, their methods are approximate and complicated, and the solution obtained had at most five collisions per period (11) . In these ways, solutions of the impact damper system have not been made clear enough even now. The main reason is the methods used to obtain solutions. Moreover, in the recent research on impact system, period doubling bifurcation (12) , Hopf bifurcation (13) and chaos generation by grazing bifurcation (14) were reported from the viewpoint of the bifurcation theory and chaos. However, as the Lyapunov exponents of the impact damper system have not been calculated, the research on chaos and grazing bifurcation that generate in the impact system is not enough. From these research situations on the impact damper and the impacting system, the impact damper is still one of the most important vibration quenching devices, and therefore, in the viewpoint of being able to correctly predict the vibration quenching effect, it is important to know accurately which solutions will generate in the impact damper system. Therefore, in this paper, we researched the various kinds of solutions that generate in the impact damper system, their stabilities, and the vibration quenching effect, using the improved shooting method (15) to obtain periodic solutions of impacting systems. Moreover, the route to chaos and the characteristics of bifurcation were made clear by calculating the Lyapunov exponents (15) .
Equation of motion of an impact damper
We considered the system which Masri and Caughey (7) dealt with, namely, the system composed of an impact damper and a single-degree-of-freedom main system as shown in Fig. 1 . The main system is a single-degree-of-freedom system which has a mass M, coefficient of stiffness k, and coefficient of viscous damping c. The impact damper is composed of a ball of mass m and rigid impact walls with a coefficient of restitution e. The displacements of the main system and the ball are defined by 1 x and 2 x respectively. The relative displacement of the ball in relation to the main system is defined by
The gap between the impact wall and the ball is d. The equations of motion are shown as follows. 
In the impact phenomena of an impact damper and other impacting systems, since the time during impact is considerably short compared to the vibration period, the impact theory that treats the impacting time as zero and uses the coefficient of restitution is often used. The above-mentioned studies on the impact dampers also used this theory. Therefore, considering that the effective comparison of our results with those of conventional research is important, we also used such a coefficient of restitution theory in this study.
Equation ( 
Numerical analysis method
In numerical analysis, the shooting method for calculating the periodic solution of the impact vibrations that the authors developed was used (15) . This method is the same as the usual shooting method except that it calculates the variations at an impacting point. An outline to calculate the periodic solution of Equations (2) 
where, I 4 is the unit matrix of 4×4, ỹ is the amount of correction needed for the next repetition, and y 0 + ỹ is the corrected value. The matrix B is constructed by the solutions of variational equations that are calculated from the initial values, i.e., unit vectors which form a unit matrix. The change of variation with step value at collision is taken into consideration. The processing of variation at collision is shown in detail in reference (15) . When the periodic solution is obtained, the stability of a periodic solution is judged as follows: If all the absolute values of the eigenvalues of matrix B are smaller than a unit when y 0 converges, the solution is judged stable. If at least one of the absolute values is larger than a unit, the solution is judged unstable. As it is possible to calculate Lyapunov exponents by using the algorism to integrate variational equations mentioned above (15) , Lyapunov exponents are calculated using the algorism in this paper.
Numerical calculation and discussion
First, the parameters which Masri and Caughey (7) dealt with were used in this paper.
Namely, damping ratio, mass ratio, coefficient of restitution, and dimensionless gap are 05 the stability of the periodic solution. In the conventional research, direct bifurcations from the stable periodic solutions to chaos are reported as grazing bifurcation, however, the essence of the phenomenon is the change of stability of the solution. These bifurcations of the discontinuous change in the stability of the solution are seen not only in the impacting system but also in the frictional system and the preloaded compliance system (16) (17) .
The time history of the periodic solution 1/1-E4 at 997 . 0 = ν is shown in Fig. 5 . The ordinate is the relative displacement of the main system, and the abscissa is the non-dimensional time. In conventional research, periodic solutions with four collisions per period were reported, however, those solutions were symmetrical and had two collisions at each wall (11) (12) . On the other hand, the periodic solution shown in Fig. 5 is asymmetrical one with a collision at one wall and three collisions at the other wall. Thus, an asymmetrical solution may be overlooked by the solution method presuming a pattern of collisions that Masri (10) and Poppwell et al. (11) used. However, supposing it exists, the converged solution with sufficient accuracy will be obtained, in a short time, and without a special work by the shooting method. Several examples of complex periodic solutions found in the frequency region of Fig. 2 are shown as phase planes in Fig. 6 . The abscissa is the displacement and the ordinate is the velocity of the main system. The Poincare sections of the main system at every phase zero of the external force, (displacement, velocity) are shown as small circles in the figure. complex subharmonic vibrations with long periods exist in the impact damper system. In the shooting method, these complex subharmonic vibrations can be obtained only by assuming appropriate four initial conditions, namely the displacements and velocities of the main system and of the ball. Figure 7 shows the bifurcation diagram in frequency ratio 77 . 0 74 . 0 = ν . The abscissa is the frequency ratio and the ordinate is the relative displacement. The periodic vibration 1/1-E2 reaches chaos after period doubling bifurcations. The periodic solution 1/8-E16 and the attracter of chaos are shown in Fig. 8 as (a) and (b) , respectively. The characteristic multipliers and Lyapunov exponents are shown below the Fig. 8 (a) and (b) respectively. The periodic solution of Fig. 8 (a) is stable, because all the absolutes of characteristic multipliers are less than unity. The solution of Fig. 8 (b) is judged chaos, because one of its Lyapunov exponents is positive. Figure 9 shows the bifurcation diagram in frequency ratio 70 . 1 57 . 1 = ν . The examples of solutions in Fig. 9 are shown as phase plane and Poincare sections in Fig. 10 . Figure 10(a) is the phase plane of the periodic solution of 1/1-O2. As the Poincare section of Fig. 10(b) at 64 . 1 = ν is closed curve, and one of its Lyapunov exponents is approximately zero, this solution is considered a quasi-periodic solution. The solution of Fig. 10(c) at 60 . 1 = ν is also a quasi-periodic solution, because one of the Lyapunov exponents is approximately zero. The Poincare section is a double closed curve in this figure. The solution at 588 . 1 = ν is shown in Fig. 10 (d) . As one of the Lyapunov exponents is positive, this solution is judged as chaos. The attracter of Fig. 10 (e) is hyper chaos, because two Lyapunov exponents are positive. This attracter spreads wider than that of Fig. 10 (d) . As mentioned above, the quasi-periodic solution generated by hopf bifurcation, becomes chaos after taurus doubling, and finally reaches hyper-chaos. Hyper chaos is also found in the two-degree-of-freedom system with clearance (18) . In the impact system, the hyper chaos was found for the first time. This is because a calculating method that can calculate all the Lyapunov exponentss is developed by the authors (15) . Figure 11 is the resonance curve for 0 . 4 = ∆ , where the averaged amplitude is adopted when the solution is not periodic. In the Fig. 11 , periodic solutions with more than two impacts are shown, along with chaos and quasi-periodic solution. It is considered that the analysis limited to a symmetrical periodic solution with two impacts per period (8) (9) is not sufficient for the analysis of the impact damper system. The results of Fig. 11 are not optimal from the viewpoint of vibration quenching. Next, two kinds of vibration quenching theory are discussed, i.e. vibration quenching theory near the resonance point of the main system and that of the wide external frequency region. At first, the vibration quenching effect of the impact damper near the resonance Fig. 15 . Definition of the lines in the figure is the same as Fig. 12 . Periodic solution 1/1-O2 and chaos coexist in 0.72<ν <0.85, and the chaos was found in ν >0.85.
The Poincare map and time histories at 0 . 1 = ν are shown in Fig. 16 and 17 , respectively. It was confirmed that this is the chaos of intermittency. The vibration amplitude of the main system varies. When the velocity of the ball is small, the amplitude of the main system increases. On the contrary, when the velocity of the ball is large, the amplitude of the main system decreases. Although the maximum amplitude is almost that of the main system without an impact damper, the averaged amplitude is less than half of the resonance amplitude. In vibration quenching for a wide frequency region, if the criterion using the maximum amplitude is adopted, the impact damper is not suitable, but if the criterion using the average amplitude is adopted, the impact damper is effective.
Conclusions
Various vibrations of impact damper system were made clear by numerical calculation. The results are summarized as follows 1. Unsymmetrical periodic solutions with four impacts per period and subharmonic vibrations with many collisions were found with high accuracy. 2. It was shown that the stability of the periodic solution changed discontinuously with additional impact. 3. Two routes to chaos were found, namely, the period doubling route and the torus doubling route. 4. Hyper chaos was found for the first time in the impact damper system. 5. The vibration quenching problems for the narrow frequency region near the resonance point and for the wide frequency region were discussed.
